This work was aimed at measuring the resulting electric forces acting on a gas bubble growing quasistatically
INTRODUCTION
The classical problem of growth and detachment of a gas bubble from an orifice is revisited to achieve a better comprehension of the role played by additional electric forces acting on the bubble. This force may play an important role in phase separation and boiling phenomena, especially in microgravity conditions, when the buoyancy force, which generally rules the growth and detachment, is no longer acting. However, the theoretical evaluation of the electric force is not straightforward due to the difficulty in assessing the magnitude of electrophoretic and electrostrictive components. The accumulation of free charge at the interface is another aspect which deserves attention. It is therefore necessary to set up a simple experiment to evaluate and these forces in clearly controlled conditions and validate their calculation against experimental data.
According to Saville (1997) , the first record of an electrohydrodynamic (EHD) experiment dates back to the 17th century in Gilbert's treatise De Magnete. Lord Rayleigh (1882) introduced the study of the effect of electric field and electric charges on droplets. The first systematic studies on electric forces in two-phase media date back to the 1960s (Taylor, 1966 (Taylor, , 1964 Melcher and Taylor, 1969) . Bochirol (1960) and Bonjour and coworkers (1962) are considered the first to apply EHD to boiling phenomena. Review works, mainly focused on heat transfer applications, have been compiled, e.g., by Di Marco and Grassi (1993) , Allen and Karayiannis (2005) , and Laohalertdecha et al. (2007) . Taylor and Melcher, in several works around the end of the 1960s (e.g. 1966, 1969) , introduced the "leaky dielectric" model that generalizes earlier studies limited to pure dielectrics or perfect conductors and set the basis of EHD analysis as it is currently being carried out; their work is summarized by Saville (1997) . In most of these works, as reported by Stratton (1941) , according to an early suggestion of Korteweg and Helmoltz, the contribution of the so-called electrostriction coefficient (that is, the variation of electric permittivity with density) has generally been neglected, but in the following it will be shown that this is not the case. The shape of the interface of a slowly growing bubble is ruled by the capillary equation, which was first integrated at the end of 1800 by Bashforth and Adams (1893) , with a numerical technique. In a force-balance approach, the quasistatic growth of a bubble can be interpreted as the competition between buoyancy, surface tension, and internal overpressure force; the resulting electric force gives a further contribution. These forces can press the bubble toward the surface or push it away from it; generally speaking, the overpressure force is always "detaching" while the surface tension force is always "attaching." The buoyancy force can be either attaching or detaching, depending on whether it is versus an upward-facing or downward-facing surface gravity vector, and of course it vanishes in microgravity conditions. The effect of electrostatic force depends on the electrode geometry and on the shape and size of the bubble, and it may even change direction during the process of bubble growth. As better shown later, the application of electric field increases the pressure inside the bubble, enhancing the overpressure force.
MAIN CHARACTERISTICS OF ELECTRIC FORCE IN A CONTINUUM
The volumetric electric force is given by (Landau, 1986) 
where ρ F is the free electric charge density, E the electric field intensity, ε 0 the vacuum dielectric permittivity, ε R the relative electric permittivity, and the subscript T the temperature. The first, second, and third terms of the right-hand side in the above equation represent the electrophoretic, dielectrophoretic, and electrostrictive forces, respectively. It is worth noting that in a homogeneous medium the dielectrophoretic force acts just at the interfaces where a gradient of electric permittivity is encountered. The term b is the so-called electrostriction coefficient, given by
For fluids which have a very low electrical conductivity, like those considered here, there is no free electric charge density in steady state and isothermal conditions, and the electrophoretic force in Eq. (3) vanishes.
The volumic electric force can be inserted into the Navier-Stokes equation, yielding
where p is the pressure and g is the gravity acceleration. In the following, the choice is made (among the many available) to lump the electrostrictive force with mechanical pressure p into an irrotational term, defining an electrostrictive pressure p es ,
where the sign has been changed according to the standard assumption that pressure is positive when the medium is compressed, and to consider the dielectrophoretic force as the divergence of an electric stress tensor, named after Maxwell (Panofsky and Phillips, 1962) :
For the sake of completeness, it is worth mentioning that, alternatively, a "total" electric stress tensor, encompassing all the electric action in the medium, could be considered,
but, as already said, this approach is not pursued here. Substituting Eqs. (4) and (5), Eq. (3) becomes
Equation (7) can be used to determine the pressure in a still (v = 0) and homogeneous fluid in the presence of EF, in the absence of free charge in the medium, where y is the Cartesian coordinate directing downward,
from which the mechanical pressure p m is given as
Therefore, unless the coefficient b is negative, the electrostriction increases the mechanical hydrostatic pressure in the medium. In the gas, no electrostrictive pressure term is present, as b = 0, and Eq. (9) becomes the classic Stevin equation. Finally, for nonpolar fluids like those considered here, the term b in Eq. (4) is given by the Clausius-Mossotti law (Panofsky and Phillips, 1962) 
Quasistatic Momentum Balance on a Growing Bubble under the Action of an Electric Field
Consider a gas bubble growing slowly from a circular orifice, of diameter D 0 , on a flat surface ( Fig. 1 ) with an incidence angle ϑ. The term "incidence angle" is used here to make a distinction from the contact angle of a liquid on a solid surface, which is ruled by Young's equation; on the contrary, when the contact line is pinned to the orifice rim, the incidence angle can vary in a wide band (Dyson, 1988) . In fact it can be shown (Gerlach et al., 2005) that if the bubble growth is sufficiently slow, the three-phase line joining the gas-liquid interface to the solid surface remains "pinned" to the orifice rim CL, as long as the incidence angle is larger than the static contact angle. Afterward, the bubble spreads on the surface, keeping a constant contact angle. For well-wetting fluids, like fluorocarbons, this occurs very late or most frequently does not occur at all. If we neglect all the dynamic forces, the quasistatic momentum balance on a control volume surrounding the bubble, bounded by the liquid side of the vapor-liquid interface S and by the gas side of the orifice area A (see Fig. 1 ), is written as
where, in particular, n and t are the normal outward and tangent (in the meridian plane) unit vectors, respectively, and σ is the surface tension. The suffixes g, f are refer to the gas, liquid sides, respectively. The unit vector t f g is oriented parallel to the gas-liquid interface at the three-phase contact line. The radial component of Eq. (11) is self-balanced in axially symmetric problems; the integration of the vertical component, directed upward in the present coordinate system, gives
where, considering a bubble growing upward, the buoyancy, internal overpressure, surface tension, and electric forces are given by
FIG. 1:
Sketch of the bubble.
In particular, it can be noted that the pressure in the fluid has been set to zero at the bubble apex and the hydrostatic pressure at the bubble base, p f,h = ρ f gH, has been added in Eq. (13) to express the buoyancy force in the traditional form for a fully immersed body. The same term has then to be subtracted from the overpressure force, Eq. (15), to avoid counting it twice. Equation (12) shows that, during quasistatic growth, bubble equilibrium is determined by buoyancy, excess of internal pressure, surface tension at the bubble neck, and electric force. This balance must hold at any stage of bubble growth by means of an adjustment of the incidence angle ϑ at the orifice rim, and the bubble detachment will occur when, further to a volume increase, it is no longer possible to fulfill it (Gerlach et al., 2005) . According to Tsuge (1986) , the detachment can be considered quasistatic when
where u 0 is the average gas velocity across the orifice.
Momentum Balance Across a Curved Gas-Liquid Interface Subjected to Electric Forces
The local equation for interface equilibrium can be obtained as (Panton, 2005; Di Marco, 2012) 
where the terms represent (from left to right) the recoil force, the pressure difference, the viscous stress, the electric stress, the Marangoni force and the capillary force, and m is the mass velocity. The symbol ∇ s stands for the gradient taken along the interface. n f is the normal unit vector, directed toward the liquid side. Equation (19) includes static and dynamic actions. From now on, attention will be focused on quasistatic v ∼ = 0, adiabatic, and isothermal bubble growth, that is, mass flow, viscous terms, and surface tension gradient will be discounted. The component of Eq. (19) in the direction normal to the interface becomes
This can be considered an extension of the celebrated Laplace-Young equation, accounting for electric forces. The dielectrophoretic term is given by
where the subscripts, n and t, denote the components normal and tangential to the interface, respectively. The extended Laplace-Young equation at bubble top reads
and subtracting Eq. (20) from Eq. (22), considering Eq. (9) and that y is set at zero at the bubble top,
Equation (24) can be considered an extension of the capillary equation to include electric forces (Di Marco, 2012) . It shows that the gravitational head and the electric stress are responsible for the deviation of the bubble from spherical shape. In fact, in the absence of electric field and in microgravity, bubbles grow as perfect spheres (Di Marco et al., 2003) .
In the absence of electric field, Eq. (24) reduces to the classical capillary equation and it shows that the curvature decreases linearly from the bubble top. When the electric field is present, Eq. (24) requires one to solve electric field distribution at the same time, and, to the authors' knowledge, no general solution has been found so far. It can be noted that a nonuniform electric stress along the interface is necessary to alter its shape; the nonuniformity can be created by the presence of the bubble itself inside an originally uniform electric field.
Finally, the expression of the total electric stress across the interface is given by
EXPERIMENTAL APPARATUS AND DATA PROCESSING
The experimental cell (Fig. 2) consisted of a polycarbonate box of about 2.5 dm 3 volume, open to the atmosphere and monitored by a temperature sensor (K-type thermocouple). A circular orifice was drilled in a stainless steel flat plate, laid horizontally inside the container, and air was injected through it into the fluid. The working fluid was air-saturated FC-72 at environmental temperature, whose physical and electrical properties are reported in Table 1 . The level of the liquid was such to keep a constant hydraulic head above the orifice of 980 Pa (about 59 mm of FC-72). An axisymmetric electric field could be generated above the orifice by imposing a voltage up to 20 kV dc to a washer-shaped stainless steel electrode, of 1-mm thickness, with a hole of 4 mm drilled in it. The electrode was positioned parallel to the surface where the bubble was forming and coaxial with the orifice, at a distance that could be varied from a test series to another. The electrode shape is designed to create an axisymmetric electric field. The center hole in the electrode is necessary to allow for bubble escape, and the distance from the plate was fixed to leave a sufficient volume for bubble growth while ensuring a sufficiently strong electric field with no discharge.
FIG. 2: Test facility.
The gas (air) was injected in the orifice by means of a dedicated injection device constituted by two syringes of different volume actuated by micrometric screws and connected through a tee junction (see Fig. 3 ). The outlet branch of the tee was connected to the plate orifice via a small-diameter (<1 mm) tube. The first syringe was filled with the test liquid, the second with air. By a careful operation of the gas syringe, a small gas inclusion of gas [usually slightly larger than the Tate's volume, Eq. (30)] was created in the liquid filling the injection pipe after the tee junction. With the aid of the liquid syringe, the gas inclusion was driven toward the orifice. In this way, the compressibility of the system was very low, and, by careful operation of the liquid syringe via the micrometric screw, it was possible to create a static bubble of prescribed volume attached to the orifice.
The bubble geometrical parameters were measured by digital processing of video images taken with a highresolution (1024 × 768) camera (Hitachi HV-F31F). The resulting resolution, with the aid of a microscopic lens (Infinity InFocus KC, with auxiliary IF 3.5 lens), was about 380 pixels/mm (2.6 µm/pixel). The digital processing software is based on the Matlab "Image Acquisition" toolbox (Cosentino et al., 2005) .
The bubble profile was extracted by the images after treatment to reduce the noise and enhance the contrast with the Canny method; the bubble volume V B was determined as the one of a solid of rotation matching the bubble profile. The curvature radius at bubble top R 0 was obtained by fitting a parabola (polynomial fitting of the second order) at the top side of the digitized bubble profile (see Fig. 4 ). Finally, the incidence angle was derived by means of a parabolic fitting of the bubble profile in the proximity of the orifice rim (Cattide et al., 2008), see Fig. 5 . In these two fittings, the number of points of the profile to take into account and the degree of the fitting curve were optimized by comparing the outcomes with the results of the numerical integration of the capillary equation, Eq. (26), which are available in the absence of electric field . In the end, a cubic fitting of the lowest 15 pixels of the bubble profile was chosen and adopted in all the measurements. The uncertainty in this measurement is very difficult to quantify, as it is affected in a complex way by a great number of parameters. Di Marco et al. (2015) performed an evaluation via computer simulation, and an uncertainty lower than 10
• resulted.
The two principal curvatures of the bubble profile y(r) have been determined by making use of the classical mathematical formulas for a solid of revolution,
However, the discontinuities in the bubble profile, due to the pixel resolution of the image, make it difficult to evaluate the derivatives, especially the second one. To mitigate this, just for that purpose and only in this case, the profile was smoothened with a Savitzky-Goolay filter and then interpolated by a cubic spline, on which the derivatives were evaluated. Furthermore, for the bubble cap, the procedure was performed on the r(y) profile. Despite the extensive filtering, the measured curvature is still affected by some disturbances, and the procedure is still being improved.
Once the geometrical parameters of the bubble have been determined, it is possible to evaluate the forces acting on it, Eqs. (13)- (17). The evaluation of the buoyancy force F b , Eq. (13), and of the surface tension force F σ , Eq. (14), is immediate once V B , ϑ, and the fluid properties are known. The evaluation internal overpressure force requires some additional consideration.
Therefore
It can be noted that F e,p is always positive. The former three forces must add to zero in the absence of electric field, that is,
When an electric field is applied, the total electric force can be evaluated by the difference,
RESULTS AND ANALYSIS
Two sets of measurements have been performed on stationary bubbles stemming from an orifice, under the action of electric field or less. In the first set, the surface was upward oriented and the orifice had a diameter of 0.30 mm; in the second case, the surface was facing downward and the orifice diameter was 0.15 mm. In both cases, a dc electric voltage of 20 kV was imposed to an electrode laid at a distance of 5 mm from the surface; the average electric field intensity was thus about 4 MV/m. Results were compared with "theoretical" curves obtained by numerical integration of the Laplace-Young equation in the absence of electric field [Eq. (24) without the electrical terms]. The integration leads to the theoretical shape of the bubble from which the relevant parameters (contact angle and curvature radius) can be obtained in order to test force balances and to draw the continuous curves. Figure 5 shows a bubble taken in the absence of electric field. The main geometrical parameters and resulting forces, calculated according to Eqs. (13)- (14) and (28)- (29), are shown in Table 2 . It can be seen that the force balance is fulfilled with great accuracy. Figure 6 shows the calculated forces, in the absence of electric field, against the bubble volume, made nondimensional by dividing by the Tate's volume: It can be easily seen that the Tate's volume is the volume of a bubble where buoyancy and surface tension forces are equilibrated. (It coincides with the detachment volume of the bubble when internal pressure force is negligible.) This volume is significant to predict bubble detachment since it is the maximum allowable theoretical volume in the absence of relevant dynamic effects. The inspection of Fig. 6 reveals that the static force balance is fulfilled by all the measured bubbles with accuracy better than 1 µN. Statistics show that 72% of the bubbles satisfy the balance within 5% of the value of the buoyancy force. When the electric field is applied, the bubble elongates in the vertical direction (see Fig. 7 and Table 3 ) and the curvature at bubble top increases, while the incidence angle is almost unaltered. The force balance shows that the total electric force [Eq. (30) ] is negative, i.e., oriented downward. These trends are confirmed by the analysis of the entire bubble population, see Fig. 8 .
Upward-Facing Surface
The fact that the incidence angle is substantially unaltered by the action of electric field [ Fig. 9(a) ] implies that the surface tension force F σ is substantially unaltered in the presence of electric field. This is not surprising, since, due to
FIG. 7:
Bubble profile in the presence of electric field and related measurements. Total electric force (µN) -1.60 the "shielding" effect of the overlying vapor, the field intensity, and hence the electric overpressure, are very weak in the proximity of the orifice rim; this is confirmed by COMSOL calculations. For the same reason, the electric force on the bubble gas base F e,A [Eq. (17)] is expected to be very weak, if not zero at all. The change in surface curvature induced by the electric stress at the interface increases the bubble internal pressure and elongates it. In particular, it can be noted that the curvature radius at the bubble top sharply decreases, as better evidenced in Fig. 9(b) . The scaling constant in Fig. 9(b) is the capillary length:
The ratio of curvature radii in Fig. 9(b) shows that the internal pressure in the presence of electric field is from 50% to 65% higher than the capillary pressure without electric field in a bubble of the same volume. The pressure ratio decreases with increasing bubble volume. Despite that the total electric force is pressing the bubble against the surface (Fig. 8) , the bubble detachment volume is very slightly reduced. At a first glance, the fact that a negative electric force may ease bubble detachment, or leave it unaltered, is puzzling. It should be considered, however, that the force equilibrium must be fulfilled at any stage of bubble growth; the bubble detachment is due to the impossibility to find a solution with a larger volume compliant with boundary conditions, force equilibrium, and capillary equation [Eq. (24) ] (Gerlach et al., 2005) . The electric stress alters the bubble shape acting along its entire interface, normally to it, and this may result in the reduction of the maximum allowable volume, despite the actual direction of the resulting vertical electric force.
Downward-Facing Surface
For a downward-facing bubble, the surface tension force and the buoyancy act upward. The bubble flattens toward the surface (see Fig. 10 and Table 4 ) and of course cannot detach; therefore its volume may largely exceed Tate's value. The bubble is kept in equilibrium by the internal overpressure force that acts downward. Once the incidence angle at the orifice rim reaches the value of the static contact angle, the three-phase line leaves the orifice rim and starts spreading over the surface, widening the bubble footprint on the surface. This evolution is shown quite clearly in Fig. 11 ; the value of the plateau is the static contact angle for the couple FC-72 -stainless steel and is around 20
• . Greater values are due to the "pinning" of the triple line to the orifice rim; when the bubble starts spreading over the surface, values very close to the static contact angle are reached. The measurement of the incidence angle in these conditions is very difficult and affected by a larger uncertainty due to its small value and the blurring of bubble profile in the proximity of the interface. Nonetheless, as shown in Fig. 12 , the force balance in the absence of electric field is verified with acceptable accuracy, and the force trends match their theoretical counterparts quite well.
The application of the electric field distorts the bubble, increasing curvature at its top (see Figs. 13 and 14 and  Table 5 ), and the resulting electric force is negative, pulling the bubble downward. The fact that the same electrode configuration yields an opposite force is not surprising. The geometry of the bubble is different, and consequently, a different alteration is inserted into the dielectric. In other terms, the determination of the electric force without accounting for the actual bubble shape is impossible.
FIG. 11:
Values of the incidence angle in the absence of electric field and comparison with theoretical trends (continuous line).
FIG. 12:
Force balance in the absence of electric field for downward-facing bubbles and comparison with theoretical trends. Positive forces are directed upward.
Numerical Evaluation of the Resulting Electric Force
The electric force was also evaluated numerically with the aid of the COMSOL Multiphysics code. The procedure is sketched in Fig. 15 . First an axisymmetric domain reproducing the electrode geometry was created; then the bubble profile, as derived from numerical processing of the experimental images, was imported in the domain. The electric permittivities were set to air value inside the bubble profile and liquid FC-72 outside. Finally, the electric field was evaluated by running COMSOL, and the overall electric force was determined by integration over the bubble surface of custom-made expressions implemented in the code and obtained from Eqs. (16) and (17).
The numerical evaluation of the electric force coincides fairly well with its experimental counterpart at any bubble volume, as shown in Fig. 16 . In Fig. 17 , the comparison is extended to a large population of bubbles, and it can be seen that most of the values are in agreement within 20%. This demonstrates that the theoretical evaluation of the electric force is confirmed by the experimental results. It is worth noting that the electric field was evaluated for a perfect dielectric, and this indicates the absence of electric charge on the bubble surface, or at least its small influence on the electric force. 
Determination of Interfacial Electric Stress from Local Curvature
The measured bubble curvatures for the bubbles are reported versus the dimensionless bubble height in Fig. 18 . Although the data are not completely free from noise, it can be noted that in the presence of electric field the curvature increases at bubble top and decreases on the bubble side, causing bubble elongation. In the absence of electric field, Eq. (24) predicts a linear decrease of interface curvature from the top to the base of the bubble. The theoretical trend of curvature has been evaluated with the above equation and is compared with the experimental value in Fig. 19 . Aside from experimental noise, the match is quite satisfactory and validates the procedure. By considering again the extended capillary equation [Eq. (24) ] in the presence of electric field, it appears that once the local bubble curvature is known, the electric stress acting at the gas-liquid interface may be experimentally evaluated as calculation, the very satisfactory agreement confirms the correctness of the theoretical model, and in particular, that the electrostrictive term must be retained in the evaluation of interfacial stress.
CONCLUSIONS
This work was aimed at measuring the resulting electric forces acting on a gas bubble growing quasistatically, with gas supplied to it through a circular orifice, and to compare them with their theoretical counterparts. An experimental apparatus has been set up, consisting essentially in an orifice drilled in a flat stainless steel plate submerged in the test fluid (FC-72). A dedicated gas injection system, made up by a small-volume syringe operated by a micrometric screw, allowed one to create slowly growing or even static bubbles of any desired volume up to the detachment volume. An electric field could be imposed by means of a washer-shaped electrode laid parallel to the surface and centered on the orifice. Data were acquired via a high-resolution video camera equipped with a microscopic lens, achieving a resolution of 2.6 µm per pixel, and were digitized and processed via dedicated software implemented in Matlab. The apparatus could be operated with the orifice both in upward and in downward direction to investigate the favorable or adverse role of the buoyancy force. The data in the absence of electric field were compared with their theoretical counterpart, obtained by numerical integration of the capillary equation, to validate the method and the image processing technique and showed excellent agreement; in particular, the overall force balance was verified with accuracy generally better than 1 µN. In a second phase, the data with electric field were acquired; the bubble resulted in elongation along the vertical axis, both in the upward and downward configurations. The resulting electric force was evaluated from the static balance of the remaining ones, and it was also possible to determine the relative amount of electric stress at the bubble top from the capillary equation.
In the case of the upward-facing surface, the resulting electric force was pressing the bubble against the orifice, despite that the volume of the bubble at detachment was reduced. This showed that the bubble detachment is ruled by nontrivial issues, namely, the alteration of the bubble shape and the impossibility to find an equilibrium solution for the attached bubble over a certain value of its volume. The apparent contact angle was almost unaltered by the presence of electric field.
In the downward-facing case, the total electric force resulted to attract the bubble toward the electrode; its action, joined to the internal bubble overpressure, was contrasted by the surface tension and buoyancy forces. The bubble could not detach, obviously, and with increasing volume its three-phase contact line spread along the surface, increasing its foot area and allowing the measurement of the static contact angle between FC-72 and stainless steel, which was about 20
• .
In both cases, the curvature radius at the bubble top decreased significantly due to the action of the internal electrical overpressure. It is worth remarking that the same electrode and voltage configuration produced a force drawing the bubble toward the electrode in the downward-facing case and toward the orifice in the upward-facing case. This demonstrated that the value of electric force is deeply influenced by the bubble shape and is determined by nontrivial concepts.
The electric force was also evaluated numerically, with the aid of COMSOL Multiphysics. There is a good agreement between the calculated and experimental values, generally better than 5%, which confirms the correctness of the theoretical expression of the electric force and the absence (or little influence) of the electric charge on the bubble surface.
Finally, the local curvature of the bubble profile was obtained from image processing, and its value was compared successfully with the trend predicted by the capillary equation in the absence of electric field, although the need to further reduce noise in curvature measurement was evidenced. The electric stress acting on the interface was determined experimentally by substituting known terms in the extended capillary equation and comparing with its theoretical expression. The results were in good agreement and confirmed the need of accounting for electrostriction in interfacial stress evaluation.
